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Abstract— In [1] some techniques for generating new
solutions from known solutions have been presented. In this
paper, applying one of these techniques to the Schwarzschild
constant density solution we have generated a 1-parameter
family of new solutions.
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I. INTRODUCTION

Exact analytic solutions of Einstein’s equations are difficult
because of the high nonlinearity of the equations. In this paper
we consider static spherically symmetric perfect fluid
solutions. Even for this simplest case only few solutions
(about 16) are known which fulfill all the requirements for
physical acceptability of the solutions. For physical
acceptability static perfect fluid sphere solutions are required
to satisfy the following properties:

(1) Both p(r) and p (r) are required to be positive definite at
the centre of symmetryr = 0.

(2) p(r) is required to vanish at some finite radius R > 0.

(3) Both p(r) and p (r) should be decreasing functions of r.

d
(4) Itisrequired that i<1 :
dp

For a static spherically symmetric system metric of space-
time in curvature coordinates has the following form
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ds ® = - r—+r2dQ2 1)
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where dQ® = do” + sin “od ¢ ° . For the metric (1), (r, r) and

(6,0) components of Einstein’s equations  give
2r °N" - 3rN'- 3N r’N" - rN’
m'(r) + mr) = ———— 2
rr N’ + N) rN"+ N
N IN" - N’
or, f1r) + f(r) = — (3)
rN"+ N r (rN"+ N)
m(r)
where f(r) = ——.

r

If we put N (r) = e”‘", then equation (3) can be expressed in

terms of o(r) as follows
2r IV+ 72 r Y/+ r /2 _ r
ey (p"+ o )f(r): ® @ @ @)
ro'+1 ro'+1
(t, t) component of Einstein’s equation gives
m'(r)=4zr’p
'(r)
or, p(r) = ~20 5)
4drr
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Also the (r, r) component of Einstein’s equation can be cast
into the form

r _2 _
p(y- =2 -m 6)
Adrr

The inequalities (5) and (6) require that ¢ (0) must be a finite

constant such that ¢'(0) =0 and ¢”(0) >0 . Also the

necessary and sufficient condition that the solution have a
regular boundary surface with Schwarzschild vacuum exterior
atr = R> 0 is given by p(R) = 0. Putting m(R) = M it follows
from (6) that

p'(R)y= —""—
R(R-2M)

Now the conditions on ¢ (r) for the solutions to be regular
at r = 0 require that N(0) should be a finite constant such that
N’(0) =0 and N"(0) >0 .

Il. GENERATION OF SOLUTIONS WHICH ARE REGULAR ATR=0

Equation (3) is a first order linear differential equation in
f(r), (and hence m(r)), which can be solved if N(r) is chosen. If
N(r) is chosen in such a way that it satisfies the conditions
mentioned in Section-1 the solutions obtained will be regular at
r = 0. [However this does not ensure the fulfillment of the other
requirements for the solutions to be physically acceptable].

In the following we demonstrate this by constructing some
exact known solutions.

Let N(r) = (ar * + 1);, where n is a positive integer. Then
N(©)=1, N'(0) =0, N"(0)> 0.

Then we obtain the following solutions:

(1) Tolman IV solution for n = 1, [Ref. [2])

2 2 2 1+ 2ar 2 2 2
ds " =-(1+ ar )dt " + . dr "+ r dQ
r
(1-—)1+ar?)
b2
(2) Adler’s solution for n =2, (Ref. [3])
2 2,2 2 drz 2 2
ds " =-(1+ar ) d " + . +rdQ
cr
1+
2
(1+ 3ar?)?

(3) H. Heintzmann Ila solution for n = 3, (Ref. [4])

dar ’

dszz—(1+ar2)3dt2+ +rido’

1
. 3ar’ c(l+ dar’) 2

2 1+ar’

(4) Durgapal IV solution for n = 4, (Ref. [5])

2

&’ =-Q+ar)'d’+

7-10ar’-a’r’ kar °

+ 2}dr

(1+ar)’@+5ar’)®

(5) Durgapal V solution for n =5, (Ref. [5])

firfda’
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2

g’ =—-(L+ar)d’+

2

ar2(309 +54ar2+8a2r4) kar
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112 3\/14- Gar ’
1+ ar 2)3
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3
(6) Buchdahl I solution forn =—, [ for b = « ], (Ref. [6])
2

3 2
- 1+ ar
ds’=—-(@+ar)2d’+ ———dr’+r’dQ’
a
1- —r?
2

111. NEw SOLUTION FROM KNOWN SOLUTION

In [1] some techniques for generating new solutions
from known solution have been presented. In the following we
briefly describe these techniques.

Equation (2) can be rewritten as follows,

200°N" = rN' = N) 2N
G'(r)+ G + =0
rr N'+ N) rr N'+ N)
(7
2m
where G (r) =1- —.
r
Equation @) can be regrouped as
(2r’G)N "+ (r’G'—2rG )N’ +
(rG'-2G +2)N =0 (8)

Suppose (N, (r), G, (r)) is known solution of (7) i.e. we
suppose that the equation
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v 2(r"N, -, - N 2N
G, + r N, 'r : °)G0+ — =0
r(N, + N ) r(rN + N,)
9)
is satisfied. Then it can be verified that, (i)

(N,,G,(r)+ kA (r)),wherekisa constant and

4N/

A (r)= dr (10)

exp
(N )T’ era+ N,
is a solution of (7).

(i) (N,z,.G, ), where

rdr
Zo=cl+czj'z—
NO VGO

is a solution of (7).
The results can be viewed as the transformations

T,:(N,.Gy) > (NG, (r)+ka (r))
T,:(N,.G,)> (N,Z,.G,).G,)

The composite transformationsT_, T, defined by
T,(N,,G,)=T,(T,(N,.G,))
T,(N,.G,)=T,(T,(N,.G,))

also provide new solutions. Thus the
transformations T, , T, , T, , T, defined when applied to a
known solution provide new solutions.

IV. NEW SOLUTIONS

In this section we have generated a class of new solutions
using the technique described in the previous section. For this

we apply transformation T, to the Schwarzschild constant
density solution [7] given by

(N,,G,)=(-~V1l-ar®1-ar’)

where a, | are arbitrary constants. Then from (10) we obtain

2
r

A, (r) =
d 2 2
{—(Ur —rv1-ar )}
dx
— 4ardr
x exp

2(1—ar2)—I\/1—ar2 -1

rz(l—arz)

(2ar2—1+l l—arz)2

— 4ardr

x exp . \/ -
2(l-ar ")-Ivl-ar -1

2 2
rx 4 xdx

= exp
(1—2x2+lx)2 J-2x2—lx—1

where x? =1 - ar’

4 xdx
But [ ———— -
2x° - Ix -1

| ]
'°g4|(zx2—|x_1)(4x_" I +8) 0 +8)L
| L4X_|+\/|2+8J |
| J

So we get

rix’? (4x—|— I2+8w
A (r)= X

2
2x - Ix -1 L4x—|+\/lz+8j

CONCLUSION
Starting from the

(N,,G,)=(I-v1-ar”,1-ar”) we have generated a 1-
parameter family of new solutions using the transformation T.
For each value of the parameter 1 we get a new solution. For

I = 0 we get Tolman solution IV. Ancther class of solutions
can be generated by applying the transformation T, to the
Schwarzschild constant density solution.

known solution

REFERENCES

[1] P. Boonserm, M. Visser and S. Weinfurtner, ‘Generating perfect fluid
spheres in general relativity’, Phys. Rev. D 71, 124037, 2005.

[2] R. C. Tolman, ‘Static solutions of Einstein’s field equations for spheres
of fluid” Phys. Rev. 55,364, 1939.

[31 R.J. Adler, ‘A fluid sphere in general relativity’ J. Math. Phys. Vol. 15,
No. 6, 727,1974.

[4] H. Heintzmann, ‘New exact static solutions of Einstein’s field
equations’ Z. Phys. 228, 489, 1969.

[5] M. C. Durgapal, ‘A class of new exact solutions in general relativity’, J.
Phys. A Vol. 15, 2637, 1982.

[6] H. A. Buchdahl, ‘General relativistic fluid spheres’ Phys. Rev. Vol. 116
No. 4, 1027, 1959.

[71 K. Schwarzschild, ‘On the gravitational field of a mass point according
to Einstein’s theory’ Sitzungsber. Preuss. Akad. Wiss., Phys. Math. KI,
189, 1916.

[8] W. de Sitter, ‘On the relativity of inertia. Remarks concerning Einstein’s
latest hypothesis’ Proc. Roy. Akad. Amst. 9, 1217, 1917.

[91 S. Mukherjee, B. C. Paul, N. Dadhich, ‘General solution for a relativistic
star’ Class. Quantum Grav. 14, 3475, 1997.



4 AMERICAN JOURNAL OF ENGINEERING & NATURAL SCIENCE (AJENS), VOL. 1, ISSUE 1, AUGUST 2016

[10] M. A. Kauser, Q. Islam, ‘Generation of static perfect fluid spheres in
general relativity’, Phys. Journal, American Institute Science, Vol.2 No.
2,61, 2016.

[11] D. Martin and M. Visser, Algorithmic construction of static perfect fluid
spheres’, Phys. Rev. D 69, 104028, 2004.

[12] K. Lake, ‘All static spherically symmetric perfect fluid solutions of
Einstein’s equations’, Phys. Rev. D 67, 104015, 2003.

[13] K. A. Bronnikov, ‘Static fluid cylinders and plane layers in general
relativity’, J.‘ Phys. A: Math. Gen. Vol.12 No.2, 201, 1979.

[14] M. Sharif, Cylindrically symmetric, static, perfect-fluid solutions of
Einstein's field equations’, J. of the Kor. Physical Soc.,Vol. 37 No. 5,
624, 2000.



